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Abstract

A jet noise source model based on the Lighthill acoustic analogy is presented. Although much of the
theory used is well known, a new feature of the model is the inclusion of frequency dependence for the time
and length scales used in the turbulence two-point correlation function. It is found that allowing for this
experimentally observed dependence markedly improves the agreement of the model’s prediction with
experimental far-field data. To illustrate this agreement the case of a single turbulent jet is considered.
Using well-respected scaling laws for the mean and turbulent properties of such jets a prediction for a single
jet noise spectrum is obtained which shows very good agreement with the prediction using the empirically
based ESDU database. The effect of altering the frequency dependence of the moving axis timescale is
briefly discussed and it is indicated how the source model can be generalized to use RANS and other CFD
data to predict jet noise, for single and coaxial jets and also for more novel nozzle geometries.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Jet noise is a major factor in the overall noise produced by modern aero-engines and it is
important to develop ways of reducing it further than has already been achieved. Towards this
goal, it is equally important that reliable prediction schemes are developed, and this paper
describes the basis for such a prediction scheme.
The first theoretical model applied to the prediction of jet noise was the acoustic analogy given

by Lighthill [1,2] who rearranged the full equations of motion in the form of a linear wave
equation, with equivalent acoustic sources that depend on the mean and turbulent flow fields.
Lighthill was able to use the fact that simple turbulent jets at high Reynolds number obey well-
known similarity laws to predict that, at low Mach numbers, the overall mean square pressure
radiated from a jet should scale as the eighth power of the jet velocity. Since then knowledge of the

ARTICLE IN PRESS

*Corresponding author. Tel.: +44-2380-597040; fax: +44-2380-593190.

E-mail address: rhs@isvr.soton.ac.uk (R.H. Self).

0022-460X/$ - see front matter r 2003 Elsevier Ltd. All rights reserved.

doi:10.1016/j.jsv.2003.06.020



scaling laws together with detailed measurements on datum jets has allowed accurate predictions
of the radiated noise from other similar jets to be made without the need for a detailed knowledge
of the equivalent acoustic sources. For single jets this has led to several semi-empirical prediction
schemes such as that based on the ESDU database [3], while for coaxial jets, an extension of this
methodology has been proposed by Fisher et al. [4,5] in their Four Source Model. The SAE
Aerospace Recommended Practice ARP867D [6] gives a prediction methodology for both single
and coaxial jets which is also reliant on databases. All such prediction schemes depend critically
on the extent to which the mean flows and turbulent properties of different jets obey the same
scaling laws, regardless of nozzle geometry.
Recently there has been considerable interest in the use of complex nozzle geometries

specifically designed to alter the turbulent properties of the flow and thereby obtain acoustic
benefits. In such cases simple scaling laws are unlikely to hold and the traditional semi-empirical
prediction schemes will be ineffective without a large (and impractical) amount of data being
collected. In any case, a purely empirical scheme of this type offers no insight to the nozzle
designer who wishes to reduce jet noise levels. To move forward it is necessary to measure, or
model in a rational manner, both the mean and turbulent properties of the flow so that a realistic
estimate of the equivalent acoustic sources can be made, as well as the influence of the mean flow
on the propagation of the resulting acoustic waves through and out of the jet.
In principle the entire jet noise prediction could be accomplished by a full unsteady CFD/CAA

calculation, but the complexities associated with such a task for high Reynolds number jet flows
mean that this is unlikely to be practical for several years to come. One possible resolution of these
difficulties is to use a relatively fast-running CFD code, such as a Reynolds-averaged Navier–
Stokes (RANS) scheme, to generate input data for acoustic source and propagation models.
Coupling an acoustic source model to a steady flow prediction is not new and was considered as

long ago as 1977 by Balsa and Gliebe [7] and Mani et al. [8]. Their scheme is generally referred to
as the MGB method and has been extended by Khavaran [9,10] to use a RANS solution based on
a k–e turbulence model (the MGBK method). Recently Tam and Auriault [11] have also used a
k–e turbulence model with a RANS solver to provide the inputs for an acoustic source model; the
subsequent propagation of sound was described by solving the linearized Euler equations. The
resulting predictions are claimed to be in good agreement with measured data. However, while the
MGB, the MGBK, and similar approaches all either use Lighthill’s acoustic analogy, or variants
such as the Lilley [12] formulation of the acoustic analogy, Tam and Auriault use an apparently
novel source model which they develop in analogy to the kinetic theory of gases.
The fact that Tam and Auriault’s prediction scheme achieves a higher degree of agreement with

measured data than some others might suggest that the novel source model they employ has
advantages over the acoustic analogy models. However, a critical comparison between the model
of Tam and Auriault and models based on the acoustic analogy has been made by Morris and
Farassat [13]. These authors argue that the differences in prediction do not arise because of any
fundamental flaw in the acoustic analogy, but because of the different models used for statistical
description of the turbulent noise sources. They show that, at 90� to the jet axis, the model of Tam
and Auriault gives an identical noise prediction to a model based on the acoustic analogy,
provided a consistent statistical description of the turbulence is used. In both models, the far-field
radiation depends on the two-point covariance of the equivalent source term which must be
modelled separately. As pointed out both by Morris and Farassat, and other authors (see for
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example, Woodruff et al. [14,15]), the form of the cross-correlation function is central to obtaining
an accurate prediction of the radiated noise spectrum. In this paper a new model for the cross-
correlation of the unsteady Reynolds stresses is considered. It is shown that the resulting noise
model gives improved agreement with measured data.

2. Expression for the acoustic intensity spectrum

The jet noise model below is based on the Lighthill acoustic analogy [1,2], using the self-noise
source terms and disregarding the shear-noise source terms. This circumvents the problem of
flow–acoustic interaction but means an accurate prediction of the far-field pressure distribution is
limited to an angle of 90� to the jet axis, where such effects are unimportant. The basic theory is
outlined briefly in this section. Next the frequency dependence of various parameters describing
the turbulence is discussed in Section 3, and expressions are given that are consistent with the
known measurements. Since the main aim of this preliminary paper is to indicate the importance
of including such frequency dependence, the application in Section 4 is restricted to simple
turbulent single jets, and rather than using CFD data, well-respected models for the mean
velocity, overall turbulence levels, etc. for such jets are used. This is very much in keeping with the
spirit of engineering modelling and the resulting far-field prediction is in good agreement with
measurement. Final results are presented in Section 5 together with a brief discussion.
Following Goldstein [16] an expression for the far-field acoustic intensity spectrum can be

obtained from Lighthill’s equation [1,2] as follows (see Fig. 1):

IoðxÞ ¼
1

32p3r0c
5
0

o4

x2

Z Z
Sðy; g;oÞe�io

#x�g
c0 d3gd3y: ð1Þ

Here r0 and c0 are the ambient pressure and speed of sound respectively and, using overbars to
denote time averages,

Sðy; g;oÞ ¼
Z þN

�N

Txxðy; tÞTxxðy þ g; t þ tÞe�iot dt ¼
Z þN

�N

Rðy; g; tÞe�iot dt; ð2Þ

is the Fourier transform of the two-point correlation of the Lighthill stress tensor components in
the direction of the far-field observer [17]:

Rðy; g; tÞ ¼ Txxðy; tÞTxxðy þ g; t þ tÞ: ð3Þ

For an isothermal jet, as discussed by Morris and Farassat [13], it is reasonable to approximate
the Lighthill stress tensor components in Eq. (3) by the Reynolds stress

Txx ¼ rsuxux; ð4Þ

where rs is the mean density in the source region (which can be taken as equal to the ambient
density r0) and ux is the turbulent velocity fluctuation in the direction of the far-field observer. It is
usual to assume that the two-point space–time correlation function takes the form

Rðy; g; tÞ ¼ u4 #Rðy; g; tÞ; ð5Þ

where u is a velocity characteristic of the turbulence and #Rðy; g; tÞ is a normalized ‘‘shape
function’’. The latter is often taken to have a form similar to that of the normalized velocity
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correlation as measured, for instance, by Fisher and Davies [18]. This is not as gross an
assumption as it might first appear so long as all parameters defining the correlation are
appropriately scaled. For instance, if turbulent velocities are correlated over a time ts then one
may well expect turbulent shear stresses to be correlated over a time of approximately 1

2
ts:

The exact form of the function chosen to model the two-point correlation has not been
considered crucial so long as it reflects the overall features of the actual correlation function. In
this case several different forms can be chosen. If the turbulence is assumed to be Gaussian when
measured in a reference frame moving with the convection velocity defined by the local
mean velocity of the jet, then, transforming to a fixed frame, it would be expected that #Rðy; g; tÞ
has the form

#Rðy; g; tÞ ¼ exp �
t2

t2s
�

Z1 � tUc

l1

� �2

�
Z22
l22

þ
Z23
l23

� �( )
: ð6Þ

Here ts defines the moving-axis timescale and is the characteristic time over which a turbulent
eddy remains correlated; l1; l2 and l3 are three lengthscales characterizing the size of the eddies
(i.e., they are characteristic correlation lengths in the three axial directions); and Ls ¼ Ucts defines
the moving-axis lengthscale. This latter parameter characterizes the distance an eddy travels in the
time ts due to its convection with velocity Uc:
Choosing such a functional form for the two-point space–time correlation function is not new,

and generally the predicted noise does not agree well with the measured data (see for example
Ref. [13]). It is demonstrated below that this poor agreement is due to an erroneous assumption
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that the characteristic time and lengthscales are independent of frequency at a fixed point in the
jet. However, in order to include this dependence it is somewhat easier to model the cross-spectral
density function directly, rather than the space–time correlation function. The model functional
form taken in the present study is

Sðy; g;oÞ ¼ u4 #Sðy; g;oÞ; ð7Þ

where

#Sðy; g;oÞ ¼ 2
ffiffiffi
p

p
ts exp �

o2ð1� Mc cos yÞ
2t2s

4

� 	
exp�

Z21
l21

þ
Z22
l22

þ
Z23
l23

� 	
; ð8Þ

and where the moving-axis timescale is now to be considered a function of frequency, ts ¼ tsðoÞ:
(The exact dependence is discussed in the next section.)
There are two reasons for choosing this particular functional form. Firstly, in the case where ts

is taken to be independent of frequency, the final result for the far-field noise spectrum will reduce
to that which is obtained by taking the Fourier transform of Eq. (6). Secondly, Eq. (8) predicts a
Gaussian decay with spatial separation similar to that measured by Fisher and Davies [18].
After substituting Eqs. (7) and (8) into Eq. (1), it is straightforward to evaluate the inner

integral, and IoðxÞ can be written as an integral of a source distribution over the jet:

IoðxÞ ¼
1

32p3r0c
5
0

o4

x2

Z
qðy;oÞ d3y; ð9Þ

where the source distribution, qðy;oÞ; is given by

qðy;oÞ ¼ 2pljjl
2
>tsu

4 exp �
o2ðl2jj cos

2 yþ l2> sin2 yÞ

4c20

( )
exp �

o2ð1� Mc cos yÞ
2

4U2
c

� 	
ð10Þ

and where one has written ljj ¼ l1 and assumed that l2 ¼ l3 ¼ l>:

3. Modelling the moving-axis timescale

A crucial factor which governs turbulent noise generation is the rate at which the turbulence
loses coherence as it is convected downstream by the mean flow of the jet [18]. Other authors have
generally assumed that the turbulent eddy lifetime, or moving-axis timescale, ts; is inversely
proportional to the local mean shear and independent of frequency. Such an assumption is at
odds with the measurements by Fisher and Davies [18] for turbulent velocity fluctuations, and the
measurements by Harper-Bourne [19] for Reynolds stresses. Both these studies indicate that the
assumption of a constant moving-axis timescale is invalid. (They also indicate that other
properties of the turbulence which are generally considered constant, such as the eddy convection
velocity Uc; also vary with frequency, but to a smaller extent.)
The moving-axis timescale is related to the moving-axis lengthscale by ts ¼ Ls=Uc; and

measurements of Ls have been made recently by Harper-Bourne [19] for a single isothermal jet at
a fixed axial station a distance of four diameters downstream of the nozzle and in the centre of the
shear layer. His results indicate that for low frequencies the assumption of a constant moving-axis
lengthscale is reasonable, but that for higher frequencies a nearly inverse dependence on Strouhal
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number is obtained, as shown in Fig. 2. These results are fitted well by the analytic function

Ls=D ¼ 1=ð1þ 0:5StÞ; ð11Þ

where D is the nozzle diameter and St ¼ fD=Uj with Uj being the jet exit velocity. Clearly,
however, Eq. (11) can only apply at the particular location of Harper–Bourne’s measurements.
Consequently, if a relationship of this type is to be incorporated into the acoustic model, it is
necessary to decide on a rational generalization of it which will apply at all other positions in
the jet.
In jet-noise modelling it is often permissible to consider the jet as a line distribution of acoustic

sources. Strictly the density of this line source at any axial position is obtained by integrating over
the cross-section of the jet, but it is common to assume an adequate measure of density is given by
considering the maximum turbulence level within the shear layer, weighted by the cross-sectional
area of that shear layer. Since relationship (11) applies at the centre of the shear layer, which is the
point of maximum turbulence, such an approximation is reasonable and will be adequate for the
needs of this paper. Adopting this approach means that radial variations of the moving-axis
lengthscale need not be considered further and Eq. (11) need only be generalized to other axial
positions where it can be taken as characteristic of the shear layer as a whole. A suitable
generalization is

Ls=W ¼ c1=ð1þ o=ocÞ; ð12Þ

here

oc ¼ 2pc2U1=W ; ð13Þ

where W is the local shear layer width, and U1 is the centreline jet velocity, Fig. 3. Effectively this
amounts to assuming a dependence on a local Strouhal number evaluated at the current axial
position and defined in terms of U1 and W ; as opposed to exit velocity Uj and nozzle diameter D:
The values of the constants c1 and c2 depend on the ratio of W to D; and U1 to Uj; at the axial
station where Harper–Bourne’s measurements were made. Assuming this was at the end of the
potential core, and using the jet model discussed below, one would expect that c1 ¼ 1 and c2 ¼ 2 if
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Eqs. (11) and (13) are to be consistent. The actual values used in the calculations below are
c1 ¼ 1:1 and c2 ¼ 2:15:

4. Application to a model single jet

The eventual aim is to compare the predictions of the noise source model with spectra of
far-field intensity measured at 90� to the jet axis. For this purpose the model will be applied to a
single-stream isothermal jet. The jet will be considered as a line source, with an axially varying
source density proportional to a (characteristic) maximum turbulence level within the shear layer
weighted by the cross-sectional area of that shear layer. Thus the three-dimensional integral of
Eq. (9) will be approximated as a single integral over the jet axis by

IoðxÞ ¼
1

32p3r0c
5
0

o4

x2

Z
Aðy1Þqðy1;oÞ dy1; ð14Þ

where Aðy1Þ is the local cross-sectional area of the shear layer and qðy1;oÞ is an equivalent axial
source distribution obtained from a one-dimensional equivalent of Eq. (10). In this expression the
moving-axis timescale will be obtained as in Section 3, but the remaining parameters, as well as
the area Aðy1Þ; are yet to be modelled explicitly.
Although all these remaining source parameters could be estimated using RANS derived data,

the fact that an axial source model is being used lends itself to a somewhat simpler method of
estimation based on some of the well-known relationships for single jets as given, for example, by
Abramovich [20] and Townsend [21].
Simple turbulent jets in which a single uniform stream with speed Uj leaves a circular nozzle and

spreads into a stationary region of the same fluid are reasonably well understood. There are three
distinct regions to the jet. Immediately downstream of the nozzle there is an annular shear layer
surrounding a potential core within which the flow is assumed to be laminar. In this region the jet
is self-similar and the shear layer grows linearly in width. At the end of the potential core there is a
transition region where the centreline velocity begins to decrease and flow adapts and eventually
changes to define the third region some distance downstream. In this final, fully mixed, region the
flow is again self-similar. Because similarity solutions exist, the initial and fully mixed regions can
both be modelled analytically. For the transition region it is necessary to smoothly match the two

ARTICLE IN PRESS

Nozzle

y1

r

Uj

D

WW

U1P�4D

Potential core

Turbulent shear layer

Fig. 3. Schematic of the structure of a simple, single nozzle turbulent jet.

R.H. Self / Journal of Sound and Vibration 275 (2004) 757–768 763



similarity solutions in as physically reasonable a way as possible. Based on results by Abramovich
[20] the remaining properties of the jet which need to be established will be taken as follows.
Referring to Fig. 3, the potential core length, P; and shear layer width, W ; are taken as

P ¼ 4D; W ¼ y1D=P; ð15; 16Þ

giving the area of the shear layer as

A ¼
pDW ; y1oP;

pW 2; y1 > P:

(
ð17; 18Þ

In the initial region the mean centreline velocity, U1; is constant and equal to the exit velocity Uj;
while far downstream in the fully mixed region it decreases as

U1=Uj ¼ 2P=ðP þ y1Þ; y1 > P: ð19Þ

which has the correct 1=y1 behaviour as y1-N: In the transition region U1 was obtained by
numerical matching these two solutions as shown in Fig. 4. The eddy convection velocity is given
by Uc ¼ 0:6U1; which is consistent with experimental findings [18,19].
The overall turbulence level used in calculating qðy1;oÞ is proportional to the mean centreline

velocity and a fixed percentage of 15% was chosen for this intensity (so u ¼ 0:15U1). However,
since the overall level of the noise was later adjusted with an arbitrary constant the assumed value
of 15% is unimportant; the main point is that in this model it is assumed constant over the noise
producing regions of the jet.
Lastly, the eddy lengthscales ljj and l> were taken as ljj ¼ 0:3W and l> ¼ bljj: The ‘‘aspect ratio’’

b allows for stretching of the eddies by the mean shear and was taken as 0:3: Like the turbulence
intensity this is a somewhat nominal value since the spectrum is computed only for 90� to the axis.
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5. The predicted acoustic spectrum

The model developed above does not take flow acoustic interaction into account and will
therefore be unable to predict the spectrum at any angles apart from 90� to the jet axis. Even so a
comparison with a known spectrum at this one angle will be a useful test as to the importance of
including the frequency dependence of the moving axis timescale in prediction models.
An acoustic intensity spectrum to compare with the model’s prediction was obtained using the

ESDU prediction scheme which uses a known database and scales on Strouhal number. Thus so
long as the model described above scales with Strouhal number, agreement with the ESDU
prediction at any one set of jet conditions will necessarily imply agreement at all other conditions.
It was first confirmed that the model spectra for several different jet conditions did indeed
correctly collapse on Strouhal number and a comparison was then made with the ESDU derived
spectrum.
The jet model and parameter values discussed in the previous sections resulted in a predicted

spectrum in very good agreement with that obtained from the ESDU program. The calculation
was made at a nominal distance from the jet nozzle and an additive constant was used to adjust
the overall level of the model prediction. This result is shown in Fig. 5.
Next the effect of altering the frequency dependence of the moving-axis timescale was

considered. This was investigated by changing the value of the parameter c2 in the generalized
Harper–Bourne model of Eqs. (12) and (13). As c2 increases, the moving-axis timescale ts remains
approximately constant up to higher frequencies and the model more closely predicts that which
would be obtained using the overall two-point correlation model of Eq. (6). This results in a
more nearly frozen pattern of turbulence and the overall level is reduced accordingly, as Fig. 6
shows. However, one also notes that the predicted peak occurs at a lower frequency and that
the high-frequency fall-off is considerably enhanced. If a readjustment of parameters is made to
force agreement of the peak frequency with that of the ESDU spectrum then far too narrow a
spectrum results.
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Next, the corresponding source distributions were examined by calculating qðy1;oÞ at fixed
frequencies as a function of distance downstream of the nozzle y1: Fig. 7 shows the results obtained
at three different Strouhal numbers. The positions of the source centroids compare well with those
obtained experimentally (with the centroid of the St ¼ 1:0 source distribution being roughly at the
end of the potential core). The shapes of the source distributions do not compare so well with as the
overall spectrum, and are more symmetrical than may be expected, but this is probably a reflection
of the simplicity of the model used for the mean jet velocity profile. It has been found that the mean
velocity field just downstream of the potential core has a significant effect on the noise produced.

6. Discussion

As long ago as 1963 the work of Fisher and Davies [18] indicated that the moving-axis timescale
as measured using velocity correlations varied with frequency. This has now been confirmed for
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stress correlations by the work of Harper–Bourne [19] whose experimentally observed relation-
ship, as modelled by Eq. (11) and its generalization, can be given a straightforward (if somewhat
simplistic) physical explanation. Turbulent eddies which are small compared to the shear layer
width are unaware of the boundaries of that layer, and see a uniform shear. Consequently they
decay on a timescale proportional to that shear. Large eddies, on the other hand, are constrained
by the boundaries of the shear layer and decay more rapidly.
In this paper a model for acoustic sources for a simple turbulent jet has been obtained which

includes the frequency dependence of the moving-axis timescale. Choosing a particular functional
form for the turbulence spectrum and using a generalization of the results obtained by Harper–
Bourne together with a simplified model jet, predictions have been made and compared with those
obtained from the ESDU database resulting in good agreement. This good agreement
demonstrates the crucial importance of incorporating the frequency dependence of the moving-
axis timescale in any source model of this kind, and this is especially true if high frequencies are to
be accurately predicted.
Equally, the simplicity of the model used for the jet aerodynamics indicates that the prediction

scheme described is extremely robust and will serve as a useful starting point for more
comprehensive engineering models using RANS or other CFD data as input, and for more
practical jet nozzle geometries. As described above the jet is modelled as a line source so any
extension will require suitable generalisation. For example, Eqs. (12) and (13) need to be written
using parameters which are characteristic of each point in the shear layer rather than
characteristic of the shear layer as a whole.
The model advanced in this paper is only valid at 90� to the jet axis and it is clearly necessary

to extend it to arbitrary angles by including flow-acoustic interaction terms. This could be
achieved by adapting the theory for use with the Lilley analogy [12]. It is also noted that, as a
by-product, this scheme also yields important information about the spatial and spectral
distribution of the acoustic sources, thus making geometric near-field predictions an attainable
possibility. Finally the predicted source distributions obtained from the model are physically
reasonable.
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